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Abstract
We present all possible distributions of 3-kings in 3-partite tournaments with at most one transmitter.
© 2007 Elsevier B.V. All rights reserved.
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1. Introduction and notations
Let D be a digraph with vertex set V (D). The minimum distance from a vertex u ∈ V (D) to a vertex v ∈ V (D)
is denoted by d(u, v). If V1 and V2 are subsets of V (D) (possibly V1 = V2) and d(u, v)s for each u ∈ V1 and each
v ∈ V2 we write d(V1, V2)s.
If d(u, v)r for each v ∈ V (D), where r is a positive integer, we call u an r-king of D. The set (resp. the number)
of all r-kings of D is denoted by Kr(D) (resp. kr(D).
Given two vertices u, v ∈ V (D), we write u → v if u dominates v. If V1 and V2 are subsets of V (D) and each vertex
of V2 dominates each vertex of V2, we write V1 → V2. In particular, if V1 ={u} we write u → V2 instead of {u} → V2;
likewise is for V2 = {v}. The outset O(u) (resp. inset I (u)) of a vertex u is deﬁned as O(u) = {x ∈ V (D) | u → x}
(resp. I (u) = {x ∈ V (D) | x → u}). Its cardinality is the outdegree (resp. indegree) of u. The notation is d+(u) (resp.
d−(u)). A vertex u ∈ V (D) is a transmitter if I (u) = ∅, that is d−(u) = 0. Given subsets A and B of V (D), if for each
vertex v ∈ B there is a vertex u ∈ A we write A⇒B.
A k-partite tournament T (V1, V2, . . . , Vk) is an orientation of a complete k-partite graph with partite sets V1,
V2, . . . , Vk . An obvious necessary condition for a k-partite tournament T to have an r-king is
T has at most one transmitter. (1)
Throughout the paper k-partite tournaments are supposed to satisfy (1). Gutin proved in [1] that k4(T )1. The same
was rediscovered by Petrovic and Thomassen [9]. 4-kings in k-partite tournaments were extensively studied by Koh
and Tan in [2–7].
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Unlike 4-kings, investigations on 3-kings in k-partite tournaments are far from being extensive. The ﬁrst one con-
cerning the bipartite case is due to Soltes [10]. It was slightly extended by Petrovic in [8]. In [6,11,12] Koh and Tan
obtained some results for the general case.
In this paper we give all possible distributions of 3-kings in 3-partite tournaments.
2. Main results
A 3-partite tournament with partite sets A, B, C will be denoted by T (A,B,C). The sets of 3-kings belonging to A,
B, C will be denoted by X, Y, Z, respectively, that is X = K3(T ) ∩ A, Y = K3(T ) ∩ B, Z = K3(T ) ∩ C. A 3-partite
tournament T (A,B,C) is said to be of the type (a, x; b, y; c, z) if |A| = a, |B| = b, |C| = c, |X| = x, |Y | = y, |Z| = z.
Such a 6-tuple we call admissible. The characterization of all admissible 6-tuples is the content of main theorem.
Thereom 1. A 6-tuple of non negative integers (a, x; b, y; c, z), ax, by, cz, is admissible unless it is one of the
following with symmetric cases with respect to A, B, C included:
(a) x = 1, a − x1, y2, b − y1, z = 0, c5;
(b) x = 1, a − x1, y = 1, b − y1, z = 0, c6;
(c) x = 2, y = 0, b3, z = 0, c3;
(d) x3, y = 0, b4, z = 0, c4.
Proof. If x1 ∈ X we consider the following partition of V (T ) − {x1}: A = A1 ∪ A2 ∪ A3, B = B1 ∪ B2 ∪ B3,
C = C1 ∪ C2 ∪ C3 where d(x1, Ai) = d(x1, Bi) = d(x1, Ci) = i. We call it the partition with respect to x1.
We now start with examples of 3-partite tournaments corresponding to nonforbidden 6-tuples. There are eight
characteristic cases.
(1) x > 0, y > 0, z> 0. The tournament in Fig. 1. Missing edges are oriented arbitrarily. Some of sets A−X, B −Y ,
C − Z (possible all) could be empty.
(2) x2, y2, z = 0. The tournament in Fig. 2 where:
• xy = k2, X = {x1} ∪ {x2} ∪ · · · ∪ {xk−1} ∪ Xk , |Xk|1, Y = {y1} ∪ {y2} ∪ · · · ∪ {yk};
• X → B except yi → xi , i = 1, . . . , k − 1 and yk → Xk;
Fig. 1.
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Fig. 2.
Fig. 3.
• B → C except c′ → yk;
• Y → A − X,A → C;
• sets A − X and B − Y could be empty.
Note that c′ is not a 3-king in view of d(c′, x1) = 4.
(3) x > 0, a − x2, y > 0, b − y2. The tournament in Fig. 3. Note that d(A − X,A − X) = d(B − Y,B − Y ) =
d(C,B − Y ) = 4.
(4) x = 1, a − x1, y2, b − y1, z = 0, c6. The tournament in Fig. 4 where:
• the partitions of A, B, C are with respect to x1;
• Y = {y1} ∪ Y2, |Y2|1;
• nonspeciﬁed edges between B and C are oriented from C to B;
• sets B1 and A − X could be empty.
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Fig. 4.
Fig. 5.
(5) x =1, a−x1, y =1, b−y4, z=0, c7. The tournament in Fig. 5 where |B1|1 and |C2|1. The partition
is with respect to x1.
(6) x = 1, y = z = 0. The tournament in Fig. 6. Edges between B and C oriented arbitrarily. Possible A − X = ∅.
(7) x = 2, y = 0, b4, z = 0. The tournament in Fig. 7. Possibly A − X = ∅. The partition is with respect to x1.
(8) x3, y = 0, b5, z = 0. The tournament in Fig. 8 where:
• X = X1 ∪ {x2}, |X1|2. The partitions of B and C are with respect to X1;
• nonspeciﬁed edges between B and C1 are oriented from C1 to B. 
The rest of the proof is based on the following lemmas.
Lemma 1. If T (A,B) is a bipartite tournament without transmitters in B, then there is u ∈ A s.t. d(u, B)3.
Proof. LetM(A) be the set of vertices ofAwith maximal outdegree, that isM(A)={v ∈ A | d+(v)=maxw∈A d+(w)}.
It is easily seen that each u ∈ M(A) is as required. 
Lemma 2. If T (A,B) is a bipartite tournament without transmitters and |A|3, then A contains a 3-king of T.
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Fig. 6.
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Proof. Notice that the absence of transmitters in T implies |A|2 and |B|2. So, 2 |A|3.
Let M(A) be as in Lemma 1. If |M(A)| = 1, M(A) = {u}, then u ∈ K3(T ). Let |M(A)| = 2, M(A) = {u, v}. If
O(u) = O(v) then M(A) ⊂ K3(T ). If O(u) = O(v) then A = {u, v,w} and w ∈ K3(T ). Finally, assume |M(A)| = 3,
that is M(A)=A={u, v,w}. Then O(u)=O(v)=O(w) is impossible as it would lead to a transmitter in B. It follows
that for one of vertices, say u, O(u) = O(v) and O(u) = O(w) holds. As above u ∈ K3(T ). 
Lemma 3. Let T (A,B) be a bipartite tournament without transmitters and without 3-kings. If |A| = 4 and |B|4
then the structure of T (A,B) is the following:
(a) A = {v1, v2} ∪ {v3, v4}, O(v1) = O(v2), O(v3) = O(v4).
(b) O(v1) ∪ O(v3) = B, |O(v1) − O(v3)|2, |O(v3) − O(v1)|2.
Proof. (a) Let A = {v1, v2, v3, v4} and let M(A) be as before. We ﬁrst show that |M(A)| = 2 or |M(A)| = 4.
If |M(A)|=1,M(A)={v}, then v ∈ K3(T ) contradictingK3(T )=∅.Assume |M(A)|=3, sayM(A)={v1, v2, v3}.
If there is vi such that O(vi) = O(vj ) and O(vi) = O(vk), {i, j, k} = {1, 2, 3}, then vi ∈ K3(T ). Otherwise O(v1) =
O(v2) = O(v3) implying v4 ∈ K3(T ). In both cases a contradiction to K3(T ) = ∅.
So, |M(A)| = 2 or |M(A)| = 4. First assume |M(A)| = 2, M(A) = {v1, v2}. Since K3(T ) = ∅, O(v1) = O(v2) and
consequently I (v1) = I (v2). Since T (A,B) has no transmitters, I (v1) = I (v2) = ∅, that is O(v1) = O(v2) = B. It
follows I (v1) = I (v2) ⊂ O(v3) ∪ O(v4). Let d+(v3)d+(v4). As O(v3) = O(v4) would lead to v3 ∈ K3(T ), we
obtain O(v3) = O(v4) as required.
Now assume |M(A)| = 4, M(A) = A = {v1, v2, v3, v4}. Like before the case O(vi) = O(vj ),O(vk),O(vl) for
some i ∈ {1, 2, 3, 4}, {i, j, k, l} = {1, 2, 3, 4} is impossible. The same holds for O(v1) = O(v2) = O(v3) = O(v4).
Consequently, there are pairs {i, j} and {k, l}, {i, j, k, l}= {1, 2, 3, 4} so that O(vi)=O(vj ) = O(vk)=O(vl). We may
take {i, j} = {1, 2} and {k, l} = {3, 4} proving (a).
(b) Since T (A,B), in particular B, has no transmitters, O(v1)∪O(v3)=B. For the same reason |O(v1)−O(v3)|1.
If |O(v1)−O(v3)|=1, O(v1)−O(v3)={u} then u ∈ K3(T ), a contradiction. So, |O(v1)−O(v3)|2. By the symmetry
|O(v3) − O(v1)|2. 
Lemma 4. Let T (A,B,C) be a 3-partite tournament with X ={x1} and let A1, A2, A3 be the partition of A−X with
respect to x1. Then A1 = A3 = ∅, that is d(x1, A − x1) = 2 for A − x1 = ∅.
Proof. If A−X=∅ there is nothing to prove. Let a1 ∈ A−X. If a1 dominates all vertices dominated by x1, then a1 is
also a 3-king.A contradiction to X={x1}. So, there is v ∈ B ∪C such that x1 → v and v → a1 implying d(x1, a1)=2
and proving the lemma. 
Lemma 5. Let T (A,B,C) be a 3-partite tournament with X ={x1} and let Bi (resp. Ci), i = 1, 2, 3, be the partitions
of B (resp. C) with respect to x1. If v ∈ B2 ∪ C2 ∪ B3 ∪ C3 and d(v, B3 ∪ C3)3 then v ∈ K3(T ).
Proof. As d(x1, v)=2 or d(x1, v)=3, it follows v → x1, that is d(v, x1)=1. Since d(x1, B1∪C1)=1, d(x1, B2∪C2)=2
and d(x1, A − X) = 2 (Lemma 4), d(v, B1 ∪ C1)2 and d(v, B2 ∪ C2 ∪ (A − X)3. Putting all together we get
d(v, V (T ))3, that is v ∈ K3(T ). 
Lemma 6. Let T (A,B,C) be a 3-partite tournament with X ={x1} and let Bi (resp. Ci), i = 1, 2, 3, be the partitions
of B (resp. C) with respect to x1. Then:
(a) x1 → B1 ∪ C1;
(b) B2 ∪ B3 ∪ C2 ∪ C3 → x1;
(c) B3 → C1, C3 → B1;
(d) B1⇒C2, C1⇒B2, B2 ∪ (A − X)⇒C3, C2 ∪ (A − X)⇒B3;
(e) if B1 = ∅ (resp. C1 = ∅) then C2 = ∅ (resp. B2 = ∅);
(f) if Y = ∅ (resp. Z = ∅) then B2 ∪ B3 ∪ C2 ∪ C3 = ∅.
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Proof. Straightforward. 
Lemma 7. Let T (A,B,C) be a 3-partite tournament with X = {x1}, |Y |1, Z = ∅ and |A − X|1. If Bi and Ci ,
i = 1, 2, 3, are partitions of B and C with respect to x1 then there are no transmitters in B3 in induced bipartite
tournament T (B3, C3).
Proof. Let B ′3 be the set of transmitters of B3 in T (B3, C3), that is
B ′3 = {v ∈ B3 | v → C3}.
We show that B ′3 = ∅. Two cases are to be considered.
(a) C2 = ∅. According to Lemma 6(d)A − X⇒B3, that is A − X = {a1}, a1 → B3. From Lemmas 5 and 6 it follows
d(a1, V (T ))3, i.e. a1 ∈ K3(T ). A contradiction to X = {x1}.
(b) C2 = ∅. Set
B ′′ = {v ∈ B ′3 | v → C2}.
(b1) B ′′ = ∅. Then C2⇒B ′3 and by Lemma 1 there is u ∈ C2 such that d(u, B ′3)3 in T (B ′3, C2). It is easily seen
that u ∈ K3(T ) contradicting Z = ∅.
(b2) B ′′ = ∅. By Lemma 6(d) a1 → B ′′3 , {a1} = A − X. Like in (a) it implies a1 ∈ K3(T ) contradicting X = {x1}.

Lemma 8. Let T (A,B,C) be a 3-partite tournament with X = {x1}, |Y |1, Z = ∅ and |A − X|1. If Bi and Ci ,
i = 1, 2, 3, are partitions of B and C with respect to x1 then |C3|4.
Proof. Assume that |C3|3. We consider two cases.
(a) Transmitters in T (B3, C3). By Lemma 6 they belong to C3. Let
C′3 = {v ∈ C3 | v → B3}.
(IfB3=∅we takeC′3=C3.) Denote byM(C′3) the set of all vertices ofC′3 havingmaximal outdegree in T (A,B,C),
that is,
M(C′3) = {v ∈ C′3 | d+T (v) = max
u∈C′3
d+T (u)}.
(1) |M(C′3)|=1,M(C′3)={v1}. By Lemma 6 v1 ∈ K3(T ) regardless to cardinalities ofC3 andB3.A contradiction
to Z = ∅.
(2) |M(C′3)| = 2, M(C′3) = {v1, v2}. If OT (v1) = OT (v2) then v1, v2 ∈ K3(T ) a contradiction to Z = ∅. Hence,
OT (v1) = OT (v2) and IT (v1) = IT (v2). Set
B ′2 = {v ∈ B2 | v → {v1, v2}}.
Notice that B ′2 = ∅ possible B ′2 = B2. Otherwise a1 → {v1, v2}, {a1} = A − X, implying a1 ∈ K3(T ). A
contradiction to X = {x1}. We claim the following:
• B ′2 → C′′3 forC′′3 =C3 −{v1, v2} = ∅. From the assumption |C3|3 it followsC′′3 1. IfC′′3 =∅ there nothing
to prove. Let C′′3 ={v3}. If v3 → u for some u ∈ B ′2 then it is easy to see v3 ∈ K3(T ), a contradiction to Z=∅.
Hence, B ′2 → v3, i.e. B ′2 → C′′3 .• B ′2 → C2. If there are u ∈ C2 and v ∈ B ′2 such that u → v then u ∈ K3(T ). A contradiction to Z = ∅.• B ′2 → A − X. Otherwise A − X = a1 → v for some v ∈ B ′2 implying a1 ∈ K3. A contradiction to X = {x1}.
We now look at the bipartite tournament T (C1, B ′2). Since C1⇒B2 and therefore C1⇒B ′2, by Lemma 1 there
is u ∈ C1 such that d(u, B ′2)3. Taking all above into account and using Lemma 6 we get u ∈ K3(T ), a
contradiction to Z = ∅.
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(3) |M(C′3)| = 3. Then M(C′3) = C′3 = C3 = {v1, v2, v3}. If there are vi , vj , vk , {i, j, k} = {1, 2, 3}, such that
OT (vi) = OT (vj ),OT (vk), then vi ∈ K3(T ) contradicting Z = ∅. Thus, OT (v1) = OT (v2) = OT (v3). We
further argue like in (2).
(b) No transmitter in T (B3, C3). We may assume 2 |C3|3 and |B3|2 by the following:
• |C3| = 1, C3 = {u}. If B3 = ∅ then there are transmitters in B3 or C3, contradiction to the assumption. If B3 = ∅
then u ∈ K3(T ), a contradiction to Z = ∅.
• C3 =∅. The case B3 = ∅ can be considered as though B3 contains transmitters. However it is impossible by Lemma
6. If B3 =∅ and C2 = ∅ then C2 ⊂ K3(T ), a contradiction to Z =∅. So, assume that B3 =C2 =∅. Since C1⇒B2,
by Lemma 1 there is v ∈ C1 such that d(v, B2)3. Set B+2 = OB2(v). Assume that either A − X = ∅ or there
is u ∈ B+2 such that u → a1, A − X = {a1}. It is easily seen that d(v, V (T ))3 holds implying v ∈ K3(T ), a
contradiction to Z = ∅. Otherwise a1 → B+2 and a1 ∈ K3(T ), a contradiction to X = {x1}.• B3 = ∅. Discussed in (a) when C′3 = C3.• |B3| = 1. Since T (B3, C3) has no transmitters, C3 = ∅. Let B3 = {u}. If w → u for some w ∈ C2 then w ∈ K3(T ),
a contradiction to Z = ∅. Otherwise u → C2, possible C2 = ∅, and a1 → u. Then a1 ∈ K3(T ), a contradiction to
X = {x1}.
We thus have 2 |C3|3, |B3|2. By Lemma 2 there is a 3-king, say v, in C3 in T (B3, C3). However v ∈ K3(T ),
a contradiction to Z = ∅. 
Lemma 9. Let T (A,B,C) be a 3-partite tournament with X = {x1}, |Y |1, Z = ∅ and |A − X|1. Then |C|6.
Proof. Assume |C|5. By Lemma 8 |C3|4; it is sufﬁcient to show that the cases |C3|=4 and |C3|=5 are impossible.
If |C3| = 5, that is C3 = C, then C1 = C2 = ∅ and consequently B2 = ∅. It implies A − X = {a1} and a1 → (B3 ∪ C3)
and a1 ∈ K3(T ), a contradiction to X = {x1}. Thus, |C3| = 4 and |C1 ∪ C2| = 1.
(a) C1 = {u}, C2 = ∅. Then u → B2 and since C2 = ∅, a1 → B3.
(1) u → a1. Then
• d(u, B2) = 1. Trivial.
• d(u, a1) = 1. Trivial.
• d(u, C3) = 2. As u → B2 ∪ {a1}and (B2 ∪ {a1})⇒C3.
• d(u, x1) = 2. As u → B2 → x1.
• d(u, B1)3. As u → B2 → x1 → B1.
(1) It follows u ∈ K3(T ), a contradiction to Z = ∅.
(2) a1 → u. By similar reasons a1 ∈ K3(T ), a contradiction to X = {x1}.
(b) C1 = ∅, C2 = {u}. Since C1 = ∅, it follows B2 = ∅ and consequently a1 → C3. By Lemma 7 B3 cannot have a
transmitter in T (B3, C3), that is C3⇒B3. It implies a1 ∈ K(T ), a contradiction to X = {x1}. 
Lemma 10. Let T (A,B,C) be a 3-partite tournament with |X| = |Y | = 1, Z = ∅ and |A − X|1. Then |C|7.
Proof. According to Lemma 9 it is enough to show that |C|= 6 is impossible. Since |C3|4 (Lemma 8) the following
three cases have to be considered.
(a) |C3| = 6. Then C1 = C2 = B2 = ∅ implying A − X = {a1}, a1 → (B3 ∪ C3) and a1 ∈ K3(T ). A contradiction to
X = {x1}.
(b) |C3| = 5. Then |C1 ∪ C2| = 1. The proof is as that of Lemma 9.
(c) |C3| = 4. There are three characteristic subcases.
(c′) |C1| = 2, C2 = ∅.
(1) No transmitter in T (B3, C3). As the case B3 = ∅ is discussed in (2) we take B3 = ∅. C2 = ∅ implies
A − X = {a1}, a1 → B3 and a1 ∈ K3(T ), a contradiction to X = {x1}.
V. Petrovic, M. Treml / Discrete Mathematics 308 (2008) 277–286 285
(2) Transmitters in T (B3, C3). By Lemma 6 they belong to C3. Let
C′3 = {v ∈ C3 | v → B3}.
IfB3=∅we takeC′3=C3. Denote byM(C′3) the set of vertices ofC′3 havingmaximal outdegree inT (A,B,C),
M(C′3) =
{
v ∈ C′3 | d+T (v) = max
u∈C′3
d+T (u)
}
.
• |M(C′3)| = 1, M(C′3) = {v}. Then v ∈ K3(T ), a contradiction to Z = ∅.• |M(C′3)| = 2, M(C′3) = {v1, v2}. If OT (v1) = OT (v2) then v1, v2 ∈ K3(T ), a contradiction to Z = ∅.
So, OT (v1) = OT (v2). We ﬁrst consider the case B3 = ∅. Since C2 = ∅, A − X = {a1} and a1 → B3.
If a1 → {v1, v2} then a1 ∈ K3(T ), a contradiction to X = {x1}. (Note that d(a1, B2)3 in view of
a1 → B3 → C1⇒B2.) Hence, {v1, v2} → a1. Then there is y ∈ B2 such that y → {v1, v2}. It is easy to
see that y ∈ K3(T ). Since |Y | = 1, {v1, v2} → B2 − {y} (possible B2 − {y} = ∅). Notice that y → a1.
Otherwise v1 ∈ K3(T ) in view of v1 → a1 → y → v2, a contradiction toZ=∅. Furthermore {v3, v4} → y,
{v3, v4}=C3 −{v1, v2}. Indeed, v3 → y and y → v4 (resp. v4 → y and y → v3) imply v3 ∈ K3(T ) (resp.
v4 ∈ K3(T )), contradicting Z = ∅. On the other hand y → {v3, v4} implies u ∈ K3(T ), where u ∈ C1
and u → y. A contradiction to Z = ∅. For a similar reason {v3, v4} → a1. Furthermore OT (v3) = OT (v4)
would imply vi ∈ K3(T ), i ∈ {3, 4}, contradicting Z = ∅. So, OT (v3) = OT (v4). Since {v3, v4} → a1,
there is v ∈ B2 − {y} such that v → {v3, v4}. It follows v ∈ K3(T ), a contradiction to |Y | = 1.
Let B3 = ∅. First assume {v1, v2} → a1 or A = X = {x1}. In both cases there is y ∈ B2 such that
y → {v1, v2} implying y ∈ K3(T ). Since |Y | = 1, {v1, v2} → B2 − {y}. For a similar reason {v3, v4} → y
and OT (v3) = OT (v4). If there is v ∈ B2 − {y} such that v → {v3, v4}, then v ∈ K3(T ), a contradiction to
|Y | = 1. Thus, {v3, v4} → B2 −{y} or B2 −{y}= ∅. Since {v3, v4} → B2 and a1 → {v3, v4}, a1 ∈ K3(T ),
a contradiction to X = {x1}.
Now assume a1 → {v1, v2}. If {v1, v2} → B2 then a1 ∈ K3(T ), a contradiction to X = {x1}. So, there
is y ∈ B2 such that y → {v1, v2}. As above y ∈ K3(T ) and since |Y | = 1, {v1, v2} → B2 − {y}. Notice
that d({v1, v2}, {v3, v4}) = 2 and a1 → {v1, v2} imply B2 − {y} = ∅. If a1 → y then a1 ∈ K3(T ), a
contradiction toX={x1}. Hence, y → a1.Arguing in a similar way we get {v3, v4} → y, OT (v3)=OT (v4)
and {v3, v4} → a1. It implies that there is v ∈ B2 − {y}, v → {v3, v4} and therefore v ∈ K3(T ). A
contradiction to |Y | = 1.
• |M(C′3)| = 3, M(C′3) = {v1, v3, v3}. If OT (vi) = OT (vj ),OT (vk) for some {i, j, k} = {1, 2, 3} then vi ∈
K3(T ), a contradiction toZ=∅. So, OT (v1)=OT (v2)=OT (v3).As in previous case we obtain contradiction
regardless B3 = ∅ or B3 = ∅.
• |M(C′3)| = 4. Then M(C′3) = C3 and the case is similar to the two previous.
(c′′) C1 = ∅, |C2| = 2. As C1 = ∅ implies B2 = ∅, it follows A − X = {a1} and a1 → C3. It follows a1 ∈ K3(T )
contradicting X = {x1}.
(c′′′) |C1| = |C2| = 1. Let C1 = {u} and C2 = {v}.
(1) No transmitter in T (B3, C3).As the case B3 =∅ is examined in (2) we take B3 = ∅. If A=X then v → B3
implying v ∈ K3(T ), a contradiction toZ=∅. Thus,A−X={a1} and {a1, v}⇒B3. It follows d(v, B3)2
or d(a1, B3)2 depending on v → a1 and a1 → v. Then v ∈ K3(T ) or a1 ∈ K3(T ), contradicting Z = ∅
or X = {x1}.
(2) Transmitters in T (B3, C3). By Lemma 2 they are in C3. Let C′3 be the set of of transmitters and let M(C′3)
be the subset of vertices of C′3 having maximal outdegree in T. (If B3 = ∅ we take C′3 = C3.) Among four
possibilities |M(C′3)| = 1, |M(C′3)| = 2, |M(C′3)| = 3, |M(C′3)| = 4 the ﬁrst, the third and the fourth can be
treated as in (c′). The most involving is |M(C′3)| = 2. Let M(C′3) = {v1, v2} and C3 − M(C′3) = {v3, v4}.
First assume that {v1, v2} → a1 or A = X. Then there is y ∈ B2 such that y → {v1, v2}. As in former
cases y ∈ K3(T ) and since |Y | = 1, {v1, v2} → B2 − {y} (possibly B2 − {y} = ∅). Furthermore y → a1.
Otherwise a1 → y and v1 → a1 → y → v2 implies v1 ∈ K3(T ), a contradiction to Z = ∅. If v → B2
then it is easily seen that v ∈ K3(T ), a contradiction to Z = ∅. Hence, there is w ∈ B2 such that w → v.
As u → B2), it easy to check that u ∈ K3(T ), a contradiction to Z = ∅. Now suppose a1 → {v1, v2}. If
{v1, v2} → B2 then a1 ∈ K3(T ), a contradiction to X = {x1}. So, there is y ∈ B2 such that y → {v1, v2}.
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As above {v1, v2} → B2 − {y} (possible B2 − {y} = ∅). As a1 → y imply a1 ∈ K3(T ), a contradiction, we
may assume y → a1. Arguing as in previous part of the proof we conclude that v ∈ K3(T ) or u ∈ K3(T ).
A contradiction completing the proof. 
The proofs of the following two lemmas are omitted because of their lengths and similarity to the proof of
Lemma 10.
Lemma 11. Let T (A,B,C) be a 3-partite tournament with |X| = 2 and Y = Z = ∅. Then |B|4 or |C|4.
Lemma 12. Let T (A,B,C) be a 3-partite tournament with |X|3 and Y = Z = ∅. Then |B|5 or |C|5.
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